Abstract
Introduction
In order to solve the radiative transfer problems one has to deal with either the Boltzmann's equation for radiation intensity or integral equation for incident energy. In some cases it is attractive to work with the radiative integral equation since it deals with spatial variables only. The transport kernels are in the form of integrals of modified Bessel and Bickley functions (Razzaque et al 1984 , Heaslet et al 1966 , Crosbie and Koewing 1977 , Carlson and Lathrop 1968 , and Echigo et al. 1972 . On the other hand, solution of transport equation requires inversion of dense matrices. In establishing the matrix, depending on the spatial grids, many kernel evaluations might be required. This results in too many calls to subprograms that evaluate Bickley and/or Bessel functions which may take significant portion of run time.
An another method for evaluating the integrals, in addition to numerical integration, involves interpolation of already computed and stored values. For large values of arguments and orders computer memory requirements may be quite large.
Usage of series expansions that yield exact integrals clearly will reduce the computation time in evaluating the integrals since one or a few function calls will be needed. In addition, they can provide a form that can be used to compute the integrals to desired significant degree of accuracy.
It may be appropriate to point out here that there seems to be a literature oversight in papers which use radiative integral transfer approach; that is, functions in cartesian x-y geometry (which are Bickley functions) have been referred to as Sn functions (Breig and Crosbie 1974a , Yuen and Wong 1983 , Razzaque et al. 1984 , Yuen and Takara 1988 , Wu and Ou 1994 . Breig (1974a,b) , and Razzaque's (1984) Sn functions correspond to Kin+1; on the other hand, Yuen and Takara (1988) and Wu and Ou's (1994) Sn definition correspond to (2/π)Kin(x). Glatt and Olfe (1973) and Modest (1975) refer to a set of functions represented by fn (or so called exchange area integrals) which are also n'th order Bickley functions. Chung and Kim's (1984) geometric function can be expressed in terms of first order Bickley function as Fv(τ)=2Ki1(τ)/τ.
In literature, there is no agreement on the function's name either. Bickley (or so called Sn) functions are referred to and misused as generalized exponential integral functions. There is another set of functions (εn) which are referred to as generalized exponential integral functions (Breig and Crosbie 1974a and 1974b , Crosbie and Koewing 1977 .
Integrals of Bickley Functions
In two dimensional cartesian geometries, the resulting integrals can be, in general, classified as:
For 0<θ<π/2, the series expansions for Bis3 is obtained as [ ] ( 1)! (2
where
and γ is the Euler constant. An and Cn's in Eq. (4) satisfy the following recurrence relations:
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Here, expansion for only Bis3 is given to save space, but lower and higher orders can be obtained by using the relations given in Eq. (3). As a special case, for θ=π/2, Bisn functions yield exponential integral functions (En); that is, Bisn(x, π/2)=(π/2)En(x).
Cisn's are found rather simpler, by integration of Eq. (2), in terms of , Disn functions. Disn functions will be defined as
The series expansions for Dis1(x) is found to be
This function, also, satisfies the relations given in Eq. (3).
Asymptotic expansions and recursive relation of Disn(x) functions are found, respectively, to be 2 2 2 9 4 4(111
In the light of these newly defined functions, Cisn yield the following expression:
Integrals of Bessel Functions
Kernels presented in this section are encountered in neutron and radiative transfer. Integrals of modified Bessel functions of interest (for b>a) can be defined as
Series expansions are given as 
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where F (a,b;c;x) is the hypergeometric function.
Expansions for large arguments (b>a>1) are obtained by using the asymptotic expansions of Bessel functions. Resulting expressions are given as follows:
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The following expansions are valid for b≥a>1$. 
Generalized Exponential Integral Functions
The nth order generalized exponential integral functions referred by Breig and Crosbie (1974a) is indeed a generalized function. It has a general form
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. Tendency is to numerically compute these integrals as well (Breig and Crosbie, 1974b ).
Series expansion for 1 ( , )
x y E is found to be 
Asymptotic expansion of 1 ( , )
x y E has been derived by Breig and Crosbie (1974b) and the recursive relation by Yuen and Wong (1983) .
Discussions
Bisn functions with small x and θ converge a solution with a few terms. Series expansions for Bisn functions work well up to the value of 8 → x which is adequate for most problems. Above this limit the number of terms that should be taken into account increases and thus the round off errors. This becomes very important since Bisn functions approach zero with increasing x. Above this limit double precision programming is recommended. A single asymptotic expansions that covers all angles could not be obtained and turn out to be a bit complicated.
In addition to series expansion for Dis1 functions, asymptotic expansions have been provided and can be used for x>6. Relative percent errors for x=5 are about 1-3%; for x=6 this range is reduced to less than 1%.
Series expansions for the Bessel integrals with large arguments yield accurate results even when a is small (a≥1). In this case relative errors are less then 1%. The exponential integrals are not replaced with their asymptotic expansions since a and b could be large enough and yet the difference may be small.
Series expansion of 1 ( , )
x y E contains forms of K0 and E1 and converges rapidly.
Conclusion
Series expansions for the integrals of Bickley functions and modified Bessel functions which are encountered in radiative transfer have been derived. Functions, Bisn and Disn and Generalized exponential integral functions, their relations as well as their relations have been further investigated and presented. In addition, Bickley functions and its properties have been discussed. 
